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Rough Sets
Zdzistaw Pawlak’

Received June 1981 revised Sempiember 1982

We investigate in this paper approximate operations on sets, approximate
equality of sets, and approximate inctusion of sets. The presented approach may
be considered as an alternative to fuzzy sets theory and tolerance theory. Some
applications are outlined.

KEY WORDS: Artificial intelligence; automatic classification; cluster analysis;
fuzzy sets; inductive reasoning; learning algorithms; measurement theory;
pattern recognition; tolerance theory.

Apart from the known and the unknown, what clse is there?
Harold Pinter (The Homecoming)

1. INTRODUCTION

The aim of this paper is to describe some properties of rough sets, introduced
in Ref. 7 and investigated in Refs. 1, 2, 4, 5, 6, 8, 9, and 11.

The rough set concept can be of some importance, primarily in some
branches of artificial intelligence, such as inductive reasoning, automatic
classification, pattern recognition, learning algorithms, ete.

The idea of a rough set could be placed in a more general setting,
leading to a fruitful further research and applications in classification theory,
cluster analysis, measurement theory, taxonomy, etc.

The key to the presented approach is provided by the exact
mathematical formulation of the concept of approximative (rough) equality
of sets in a given approximation space; an approximation space is
understood as a pair (U, R), where U is a certain set called universe, and
R < UX U is an indiscernibility relation. We assume throughout this paper
that R is an equivalence relation.
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Rough Sets 343

Fig. |

~ Sets Edg,(X)=X-—Apr,(X) (in short Edg(X)) and F,dEAI:X}.—
Apr AX)— X, (in short Edg(X)) are referred to as an internal and an
external edee of X in 4, respectively.

Of course Bnd ,(X) = Edg, (X} Edg,(X).

Fig. 1 shows the notion of an upper and lower approximation in a two
dimensional approximation space consisting of a rectangle partitioned into
elementary sgquares.

Let us define two membership functions €,, €, (called stromg and
weak membership, respectively), as follows:

xe X iff x € Apr,(X)

xe, X iff x€ Apr,(X)
If x £, X, we say that “X surely belongs to X in 4.” while x £, X is to mean
that "X possibly belongs to X in 4.” Thus we can interprete approximations

as counterparts of necessity and possibility in modal logic,
Of course,

Apr,(X) = [x:xE, X}
Apr(X)=|x:xE, X}
Thus we can develop our theory in terms of strong and weak

membership functions or in terms of approximations. For the sake of
simplicity we shall use here the approximational approach.

2.2, Approximation Space and Topological Space

It 15 easy to check that the approximation space 4 = (U7, R) defines
uniquely the topological space T{A) (in short T, ), where T, = (L), Comi ]},
and Com(A4 ) are the family of all open sets in T, and U/R is a base for T,.

It follows from the definition of {lower and upper) approximations that
Com{A) is both the set of all open and closed sets in T,. Thus, Apr,(X) and

Approximations, t
calculus and exam
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Thus, we can interpret the approximation space A =(R",8) as a
Measyrerment .'F_'I-'.S'!E‘n’ﬂ._ where

Byliyi+ V=g, ii+1)=1, i=0, L.

is the wnit of measuremeni in 4, and y{0, r) is the accuracy of (0, r) in 4.
For more detail see Ref 6.

Example 2. Let F be a fnite set called a vocabulary and let F* be
the set of all finite sequences over I. Any subset of V* will be called a
language over F.

Let R = V* x ¥* be an indiscernibility relation, and let 4 = (}™*, R) be
an approximation space delined by F* and R.

A language L = V" is recognizable in A if Apr,(L)= Apr,(L).

The family of all recognizable languages in A, denoted as Rec(4 ), is the
topology induced by 4 = (I*, R) and the base of the topology i1s F*/R.

That is to say that if the language L is not recognizable in 4 we are
able to recognize only the lower and upper approximations in 4.

This property can be used in speach recognition, pattern recognition,
fault tolerant computers, ate.

Example 3. Let § =(X,4,V,p) be an information system (see
Ref. 10), where

X is the set of obfects

A 1s the set of gitribufes

V=)V, V,is the set of values of attribute a £ 4

J: X x A= Vis an information function, p,: A=V

x € X is called an information about x in 8, where
p,(a) = pix. a)

for every x £ X and a € A,
We define the binary relation § over X in the following way:

x~gy Wff p.=p,

Obviously § is an equivalence relation and 4 = (X, §) is the approx-
imation space induced by the information system S.

Any subset ¥ = X is called describable in § iff Apr,(¥) = Apr,(¥). The
set of all describable sets in 8, denoted as Des(S), is a topology induced by
§ on X, and the base of the topology is X/§,

Towards decision reducts (how
approximations change when
we add / remove attributes
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m My first meeting with Rough Sets:

XV A.M.A.S.E.S. Conference Grado, September 26-29, 1991
Parte | - RELAZIONI INVITATE

~
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R. SlowinskKi s s
ELE’OUES\\H SETS: A NEW TOOL FOR ANALYSIS OF KNOWLEDGE GAINED BY EXPE-
ST 2 S R TR R T L U L TS

n
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m  April 1994: I started to work at the University of Catania
m May 1994: Roman Stowinski gave a seminar in Catania

m May 1995: I went for one week to Poznan

S Greco



m My first meeting with Professor Pawlak: 4th International Workshop on Rough Sets, Fuzzy Sets and
Machine Discovery, Tokyo, 1996

From the left to the right: Jerzy Stefanowski, Shusaku
Tsumoto, Lotfi Zadeh, Wojciech Ziarko, Zdzistaw Pawlak

and Roman Stowinski
S Greco



The first time
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E Menasalvas



{Gmnulcs of knowledge J [ The universe of objects ]

/
# \

—
The lower The set l The upper
approximation approximation

Ernes first meeting
with Rough Sets.
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IPMU 2002, July 1-5, 2002
2002 First meeting with rough | Amnccy, France

sets = my first conference BZW algebras for an abstract approach to roughness and
fuzziness

Gianpiero Cattaneo, Davide Ciucci
Dipartimento di Informatica, Sistemistica e Comunicazione
Universita di Milano — Bicocca

2003 Meeting with Z. Pawlak:
International Workshop on Rough Sets in Knowledge Discovery and Soft Computing
in Warsaw

2015 received from A. Skowron the whole collection of Pawlak’s works

D Ciucci



J Medina

First meeting with rough sets

RSKT 2010

Medina. Towards multi-adjoint property-oriented concept lattices.
The Fifth International Conference on Rough Set and Knowledge
Technology (RSKT 2010). Beijing (China). December 2010.

| met Yiyu Yao and Chris Cornelis.

Profegsor Jan Ta, Fh.
Sehaol of Comguler and Information Technology
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J Medina

Formal Concept Analysis

Rudolf Wille

Restructuring Lattice Theory: An Approach Based on Hierarchies
of Concepts. Ordered Sets, pp. 445-470, 1982

e A set of oBjets.
e A set of Attributes.
e A relation R between A and B.

J. Medina, M. Ojeda-Aciego and J. Ruiz-Calvino On

multi-adjoint concept lattices: definition and
representation theorem. Lect. Notes in Computer
Science, 4390:197-209, 2007.



ACM Transactions on Intelligent Systems and Technology IEEE Transactions on Knowledge and Data Engineering

Annals of Pure and Applied Logic IEEE Transactions on Neural Networks
Y] Applied Intelligence IEEE Transactions on Systems, Man and Cybernetics
;_E. Applied Soft Computing IEEE/ACM Transactions on Audio, Speech, and Language Processing R
‘g Artificial Intelligence IEEE/ACM Transactions on Computational Biology and Bioinformatics
v Artificial Intelligence Review Information Sciences
© BMC Bioinformatics International Journal of Approximate Reasoning
e Communications of the ACM International Journal of Computational Intelligence Systems
8 European Journal of Operational Research International Journal of Machine Learning and Cybernetics
P Expert Systems with Applications International Journal of Molecular Science
o = Fundamenta Informaticae International Journal of Science and Engineering Neurocomputing
0 Tra n Sa Ct I O n S O n Fuzzy Sets and Systems Journal of Applied Non-Classical Logics Pattern Recognition
g Group Decision and Negotiation Journal of Biomedical Informatics Pattern Recognition Letters
— IEEE Transactions on Computational Social Systems Knowledge and Information Systems Pharmaceutics
v IEEE Transactions on Evolutionary Computation Knowledge Based Systems Sensors
= R 0 u g h S ets XX I I IEEE Transactions on Fuzzy Systems Neural Computing and Applications Studia Logica
— IEEE Transactions on Geoscience and Remote Sensing Neural Networks Theoretical Computer Science
3 IEEE Transactions on Image Processing Neural Processing Letters Web Intelligence and Agent Systems...
James F. Peters - Andrzej Skowron
Editors-in-Chief ;2\ RSDS " ARTUARE IO
SAD Rough Set Database System HOME - CONTACT
a2 United States Patent (10y Patent No.:  US 11,301,467 B2
Slezak et al. (45y Date of Patent: Apr. 12,2022
SEARCH SEND STATISTICS OPINIONS PEOPLE SOFTWARE MAP HELP CONTACT
() INTELLICENT CAPTURE AND EAST G2 TR Guer 1624539 201901, Gosr 162282
TRANSFORMATIONS OF GRANULATED (2019.01); GO6F 162462 (2019.01); GO6N
m Pagel | Page2 | Page3 | Page4 | Page5 | Page6 | Page7 DATA SUMMARIES IN DATABASE ENGINES @ FieM of Clasclfcadan Search 0 o)
(71) Applicant: Seeurity On-Demand, Inc., San Dicgo CPC GOSF 16/24539; GOGF 1\-52.-):; n‘sluijt‘
© Categores STATISTICS FOR THE ROUGH SET DATABASE SYSTEM e

LS. PATENT DOCUMENTS

6671772 Bl 12
8,266,147 B2 0

ousins ct al
Slezak ef al

(Continued)

The service has been visited 3363048 times.
USER LOGIN Number of registered users: 405.

Number of authors (in the database): 42859.

Username: \ . .
w (PL: Joel Alan Holland, FOREIGN PATENT DOCUMENTS
What kinds of publications are included? zm, CA (US) wo NOR0M219 AL 32008
Fresrage (73) Assignee: Security On-Demand, Inc.. San Diego OTHER PURLICATIONS
: CA (US)
Kind of publication Number of publications International Preliminary Report on P y for International
§ (") Notice: g er, the term of this  Patent Applicarion No. PCTACA2007/ 001627 dated Jan. 7., 2008
article 1 552 usted under 35 (Continued)
I —— e
m LEREZES 23 Primary: Examiner — Kris E Mackes
incollection - 1,232 (21) Appl. No.: 16/459.274 (74) Anormey, Agent, or Firm — Smith, Gambrell &
Russell LLP
© Create new account book ] 176 (22) Filed:  Jul 1, 2019
s7) ABSTRACT
© Request new password techreport I 144 (65 Prior Publication Data Embod ; stems for intel-
proceedings 1 60 US 20200004749 AL Jan. 2, 2020 ligent mulated data
summaries, Al oy m input data
@ S . inbook | 26 summaries into result sets representing query autcomes. The
Related U.S. Application Dat data summaries conlain enough knowledge about the origi-
Pnnger PATRONS OF SERVICE phdthesis l 21 lates ppicafion s nal daa 1 the summaric:
—_ 5 0 (60) Provisional application No. 62/691,751. fiked on Jun,
mastersthesis 12 29, 2018, ment, the
manual I 2 SQL approxir
(51 Int. CL. ondisk and utilizes them for its operat
software [ 19 GOGF 162458 contents of data summaries a

GOGF 162453 which give vsers direct access to the contents and

(Continued) (Continued)

Total: 38549
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The lower
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The upper
approximation
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ZDZISEAW PAWLAK

ROUGH SETS

Theoretical Aspects
of Reasoning about Data

What are the strongest
points of rough sets?

* Tool for dealing with imperfect knowledge, vague concepts

* |t does not need any preliminary or additional information
about data
* |t naturally can deal with:
e finding hidden patterns in data,
e data reduction
» evaluation of the significance of data
» generation of decision rules from data
easy-to-understand formulation
straightforward interpretation of obtained results

* Use to induce classifiers or clusters

E Menasalvas



What are the strongest points of rough sets?

* Wide applicability
* Uncertainty is ubiquitous
* Granularity is a natural way to deal with complex problems
* Lower/upper bounds are easy and powerful concepts

* Natural use with other theories
* Fuzzy sets, belief functions, formal concept analysis, ...

D Ciucci



S Greco

An example

Student | Mathematics (M) | Physics (Ph) | Literature (L) | Overall class

Ss1 :g'oo?l - _I- medium  |bad | bad ':

S2 lmedium ‘ medium bad medium I
_______________________ 4

S3 medium medium medium medium f

S4 medium medium medium good I

S5 good medium good good

S6 good good good good

S7 bad bad bad bad

S8 bad bad medium bad




Rough Set Approach to multiple-criteria sorting

m Set of decision rules in terms of {M,Ph,L} representing preferences:

If L = good, then student > good {S5,56}

If M = medium & L = medium, then student > {53,54,55,56}
If M = medium & L < bad, then student is bad or {51,552}

If M < bad, then student < bad {57,558}

If L < bad, then student < {S51,52,57}

Greco, S., Matarazzo, B., Stowinski, R.: Axiomatic characterization of a general utility function
and its particular cases in terms of conjoint measurement and rough-set decision rules.

European J. of Operational Research, 158 (2004) no. 2, 271-292

S Greco



Good properties of Rough Set Approach

Rough set approach has a lot of good properties:

®= Transparence

= Possible use of qualitative evaluations
= Explainability and interpretability
= Traceability

Users gives preference information by answering easy

questions, and obtains transparent feedback (,,glass box")
in a learning oriented perspective

S Greco




What are the strongest points of rough sets?

Lotfi Zadeh
(Baku, 1921-
Berkeley, 2017)

/dzistaw Pawlak
(Lodz, 1926-
Varsovia, 2006)

J Medina



Fuzzy Rough Sets

Multi-adjoint fuzzy rough sets

C. Cornelis, J. Medina, and N. Verbiest. Multi-adjoint fuzzy rough
sets: Definition, properties and attribute selection. International
Journal of Approximate Reasoning, 55:412- 426, 2014 (Q1).

e Generalization of Rough Set to a more flexible framework.

e Different implications can be applied to minimize the noise in
the data.

J Medina



ROUGH SETS (RS)

APPROXIMATE
DEFINABILITY OF SETS
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Zdzistaw was one of the giants who created the theory that underlies the digital revolution.
Rough Sets is one of the leading paradigms
for thinking about the information, as it is provided to us at the global village through the

World-Wide Web.

Victor Marek (University of Lexington)
A Skowron



RS

COMPLEMENTARY
NOT

COMPETETIVE TO
OTHER APPROACHES
LIKE FUZZY SETS, FCA,

BOOLEAN REASONING,

- ~
> Ly
e

COMBINATION OF RS WITH OTHER APPROACHES LEADS TO
A SIGNIFICANT IMPROVEMENT
OF THE QUALITY OF SOLUTIONS

helps in characterizing computational building blocks (granules) that are necessary for
A skowron Cognition — THE MAIN PROBLEM of Al (Leslie Valiant, Turing award winner)



Data Science and Machine Learning 1 °
Chairperson: Luciano Sanchez < u rS ay °

Room: O1/A

[ J
Andrzej Bedychaj, Przemystaw Spurek, Aleksandra Mowak and Jacek Tabor F rl d ay 1 1 ¢ OO
[ ]

Nonlinear Weighted Independent Component Analysis

Hannah Blocher, Georg Schollmeyer and Christoph Jansen

Statistical Models for Partial Orders Based on Data Depth and Formal Concept Analysis D E )
Marek Grzegorowskl, Andrze) Janusz, Stanistaw kazewski, Macie) Swiechowski and Monika 4
SOFTWARE

Jankowska

Prescriptive Analytics for Optimization of FMCG Delivery Plans Data Science and Machine Learning 2

Chairperson: loac Paulo Carvalho <

[a] Daniel Kaluza, Andrzej Janusz and Dominik Slezak Room: 01/A

Uncertainty Measures for Active Learning over Imbalanced Data

Fanny Pagnier, Fredéric Pourraz, Didier Coquin, Hervé Verjus and Gilles Mauris

Olga Grigorenko and Valerijs Mihailovs A multilevel clustering method for risky areas in the context of avalanche danger management

Aggregated fuzzy eguivalence relations in clustering process

Artur Simoes and Joao Paulo Carvalho
Fast Text-based Classification of News Snippets for Telecom Assurance

Ensem bles of Rough-Set_ Meohith Rajesh, Chinmay Kulkarni and Shylaja 5 5

BEUD : Bifold-Encoder Uni-Decoder based Network for Anomaly Detection
Based Decision Reducts

[a] Andrzej Janusz, Andzelika Zalewska and Dominik $lezak
introducing Approximation-based Model Diagnaostics into KnowledgePit -- A Platform for Organizing
Data Mining Challenges

D Slezak



What Is the future of such scientific areas as rough sets,

approximate reasoning and uncertainty management?

* The world is imprecise, so
these approaches are Applications of Rough Sets
required in Health Sciences and

Disease Diagnosis

Dr. Aqil Burney
Meritorious Professor

e Health sciences such as in CCSIS-10BM / DCS-Uok, Pakistan
patient diagnosis and Zain Abbas
disease classification Lecturer

DCS-UoK, Pakistan

WSEAS 15th International Conference on
APPLIED COMPUTER SCIENCE (ACS "15)
Konya, Turkey, May 20-22, 2015

E Menasalvas



Integrating rough sets, fuzzy logic and machine learning

= Granularity and graduality are basic concepts in human
reasoning.

m They call for putting together rough set theory and fuzzy logic.

= Having the necessity to handle big data we need probability
theory methods and statistical approaches.

m A statistic approach to gradual granular fuzzy-rough models is
the basis of the next generation machine learning models.

= For a methodology in this perspective see:

Palangeti¢, M., Cornelis, C., Greco, S. and Stowinski, R., 2021. A
Novel Machine Learning Approach to Data Inconsistency with
respect to a Fuzzy Relation. arXiv preprint arXiv:2111.13447.

S Greco



What is the future of such scientific areas as rough sets,
approximate reasoning and uncertainty management?

* Dynamical systems — granular computing — interaction

* A. Campagner, D. Ciucci, V. Dorigatti, «Uncertainty representation in
dynamical systems using rough set theory», Theor. Comput. Sci. 908: 28-42
(2022)

* A. Skowron’s keynote

* Rough Sets + other theories to cope with different forms of
uncertainty... still a lot to do

* Rough Sets extensions
e Covering, three-way decisions, partition with uncertainty (orthopartition), ...

D Ciucci



RS AND COMPLEX PHENOMENA: WHAT NEXT?

REASONING ABOUT CHANGES: ROUGH CALCULUS

Two main problems
of
Computer Science:

What is a state?
What is a transition
relation?

What's an algorithm?

Yuri Gurevich
https.//www.youtube.com/watch?v=FX2)24
u92aGl

A Skowron

ds
dt

Pl

de

dt

/;jl?(t,S(t),e(t))

?
?

H(t,s(t), e(t))

Mathematics and the physical sciences
made great strides for three centuries
by constructing simplified models of
complex phenomena, deriving,
properties from the models, and
verifying those properties
experimentally. This worked because
the complexities ignored in the models
were not the essential properties of
the phenomena. It does not work
when the complexities are the

essence.
Frederick Brooks: The Mythical Man-Month: Essays on Software
Engineering. Addison-Wesley, Boston, 1975. (extended
Anniversary Edition in 1995).




RS AND COMPLEX PHENOMENA: WHAT NEXT?

REASONING ABOUT CHANGES: ROUGH CALCULUS

INTERACTIVE GRANUEAR CONIPUTATICONS

A Skowron



What is the future of such methodologies and
scientific areas as rough sets, approximate reasoning
and uncertainty management?

J Medina



Different branches

Bireducts

Benitez-Caballero, Medina, Ramirez-Poussa, éle;zak Bireducts with
tolerance relations. Information Sciences 435, pp. 26—39, 2018.

J Medina




Different branches

Attribute implications

Dubois, Medina, Prade, Ramirez-Poussa Disjunctive attribute
dependencies in formal concept analysis under the epistemic view
of formal contexts. Information Sciences 561, pp. 31-51, 2021.

From left to right:
J Medina Luis Farinas del Cerro, Jesis Medina, Henri Prade, Didier Dubois



Different branches

Taking advantage of relevant notions

Chacén-Gomez, Cornejo, Medina, Ramirez-Poussa. Value reducts and
bireducts: a comparative study. Mathematical Methods in the Applied
Sciences. In press.

Applying in real problems

Garcia-Aragon, Cornejo, Medina, Moreno-Garcia, Ramirez-Poussa.
Decision support system for photovoltaic fault detection avoiding

meteorological conditions. International Journal of Information
Technology & Decision Making. 21(03):911- 932, 2022.

Departamento
de Matemiticas Energy Management Solutions  EFFICIEMNCY SERVICES COMPAMY

¢ Universidad I S =
@UCA de Cadiz Qﬁem WA_I_I_ABIT /\ L | S - /\

J Medina



What is the future of such methodologies and
scientific areas as rough sets, approximate reasoning
and uncertainty management?
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Thank you!!l

* The 2022 International Joint Conference
on Rough Sets (IJCRS’22)

* The 17th International Conference on
Computer Science and Intelligence
Systems (FedCSIS’22)

* The Anniversary Rough Set Lecture

* The 4th International Symposium on Rough
Sets: Theory and Applications (RSTA’22)

e The 2022 IEEE International Conference
on Big Data (IEEE BigData’22)

» Special Session:
40 Years of Rough Sets from Big Data
Perspective

* The 8th Special Session:
Information Granulation in Data Science
and Scalable Computing



https://www.ijcrs2022.cn/
https://fedcsis.org/
https://www.fedcsis.org/2022/rsta
https://bigdataieee.org/BigData2022/index.html

